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ABSTRACT A Green's function approach is developed from first principles to evaluate the power spectral density of
conductance fluctuations caused by ion concentration fluctuations via diffusion in an electrolyte system. This is applied to
simple geometric models of transmembrane ion channels to obtain an estimate of the magnitude of ion concentration
fluctuation noise in the channel current. Pure polypeptide alamethicin forms stable ion channels with multiple conductance
states in artificial phospholipid bilayers isolated onto tips of micropipettes with gigaohm seals. In the single-channel current
recorded by voltage-clamp techniques, excess noise was found after the background instrumental noise and the intrinsic
Johnson and shot noises were removed. The noise due to ion concentration fluctuations via diffusion was isolated by the
dependence of the excess current noise on buffer ion concentration. The magnitude of the concentration fluctuation noise
derived from experimental data lies within limits estimated using our simple geometric channel models. Variation of the noise
magnitude for alamethicin channels in various conductance states agrees with theoretical prediction.
INTRODUCTION
Concentration fluctuations via random diffusion are found
in any system in which diffusion is present. Such concen-
tration fluctuations have been used in various kinds of
fluctuation or concentration correlation spectroscopy
(Madge et al., 1972; Feher and Weissman, 1973; Elson and
Madge, 1974; Weissman, 1981), including fluorescence
correlation spectroscopy (Madge et al., 1972), to study the
mobility of particles (Elson and Webb, 1975; Weissman et
al., 1976). In a conducting system, fluctuations in the local
concentration of charge carriers via diffusion result in fluc-
tuations in the local conductivity of the medium (Richard-
son, 1950; van Vliet and Fassett, 1965). These conductivity
fluctuations give rise to fluctuations in the conductance of
the conducting system that is detectable as current noise
when a current is driven through the conducting system. The
effect of such fluctuations is most conspicuous when the
charge carrier concentration in the system is low, as in
semiconductors; or when the conductance of the system is
controlled by carrier concentration in a small region (Lax
and Mengert, 1960), like contact regions between two con-
ductors that are otherwise separated by an insulating layer,
where the current flux is high, so that local conductivity
fluctuations are effectively amplified. This contact noise has
been investigated extensively over a long time (Richardson,
1950; Weissman, 1975; Vandamme, 1976) as a possible
cause of the ubiquitous 1/f noise found in a wide range of
conducting systems (Hooge, 1976; Weissman, 1988).
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In our study of the noise in the current passing under
constant applied potential through individual channels
formed by the polypeptide alamethicin (Mak and Webb,
1995a,b) in artificial lipid bilayers using "patch-clamp"
techniques (Hamill et al., 1981), we found excess current
noise above the theoretical Johnson (Nyquist, 1928) and
shot noise level (DeFelice, 1981; Lauger, 1975). It has been
suggested that part of the excess noise is due to fluctuations
in the channel conductance caused by ion concentration
fluctuations via diffusion in and around the channel
(Bezrukov et al., 1989; Bezrukov and Vodyanoy, 1991,
1994).
Although conductivity fluctuation is a fundamental pro-
cess present in all conducting systems, previous investiga-
tions of this process (Hooge, 1969, 1972; Hooge and Hop-
penbrouwers, 1969; Hoppenbrouwers and Hooge, 1970;
Hooge and Gaal, 1971; Honig 1974; Weissman, 1975; Van-
damme, 1976) did not develop an evaluation of the magni-
tude of this noise from first principles that is appropriate for
the mesoscopic conducting system of a protein channel in a
lipid bilayer. Therefore, in the first part of this paper, based
on previous studies of carrier concentration fluctuations
(Richardson, 1950; van Vliet and Fassett, 1965; Weissman,
1975), we develop a Green's function approach to deriving
from first principles the power spectral density (PSD) of the
fluctuations in the resistance of an electrolyte system caused
by ion concentration fluctuations via random diffusion (Ba-
sic Theory). This approach is applied to geometric models
of a transmembrane ion channel to obtain theoretical esti-
mates of the channel current noise caused by ion concen-
tration fluctuations (Theoretical Ion Concentration Fluctua-
tions in Channels). These theoretical estimates are
compared to the magnitude of the current noise in alamethi-
cin channels that is attributed to ion concentration fluctuations
(Ion Concentration Fluctuations in Alamethicin Channels).
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BASIC THEORY
In this section we will derive the PSD of the resista
fluctuations caused by electrolyte concentration fluctuati
due to ion diffusion in terms of Green's functions in
approach similar to that used by van Vliet and Fas
(1965). We use the following notations. For a quantity v
with time dependence, (A) is A(t) averaged over time;
the fluctuation AA(t) = A(t) - (A). For a quantity x(r
with spatial and time dependence, x is x(ri, t) averaged o
both ir and t, Ax(ri, t) = x(ri, t) -x. (AA(t)AA(0)) is
correlation function of AA(t + T)AA(T) averaged over
values of T. The PSD SA(c) is the one-sided spectral den:
(Press et al., 1987a) of AA(t).
For simplicity, we consider the case of current pass
through a continuous electrolyte with a uniform mean c
ductivity Y. The field intensity E(ri) in the medium is I
enough at any point in the medium that Ohm's law, E
o-(ir, t) = J(ri, t), is valid. The electric field is time-invari;
The electrolyte contains one kind of salt with monova]
ions only (like NaCl). Ion concentration in the mediun
low enough that the electrolyte is completely ionized,
Kohlrausch's law of independent migration of ions app
(Creighton, 1944):
or(r', t) = F(u- + u+) p(ri, t),
where u+ and u- are the mobilities of the cation and anion
species in the electrolyte, F is Faraday's number, and p(ri, t)
is the local electrolyte concentration.
Spontaneous ion concentration fluctuations via random
thermal diffusion of ions inside the medium cause fluctua-
tions in the local conductivity in the medium, which in turn
cause fluctuations in the resistance of the whole electrolyte
system. If a constant applied potential V is maintained
across the system, the conductivity fluctuations in the me-
dium will cause fluctuations in the current passing through
the system. Considering the power dissipation in the elec-
trolyte (Richardson, 1950; Weissman, 1975), and ignoring
higher-order terms,
AR(t) = reitac Aaon (,t)Ef(ir) dir.
The resistance autocorrelation function is
(2)
(AR(t)AR(0)) = (-) ff E(ri)E2(r'(I)4J (3)
(Aocr(r t)/Aor(r", 0)) d3-r d3r'
where (I) = V/(R). The volume integral in Eq. 3 is very
similar to the one used in fluorescence correlation spectros-
copy (Madge et al., 1972; Elson and Webb, 1975), in which
the intensity of the incident laser light replaces the local
electric field intensity and the correlation of the fluctuations
in fluorescent dye concentration replaces the correlation of
the conductivity fluctuations.
The Green's function g(ri, t; r') of the transport differen-
tial operator of the system under consideration is defined as
in van Vliet and Fassett (1965), so that
(Ap(r, t)AWp( ', 0)) = d3r"g(ri, t; F)(Ap(F", O)Ap(r', 0)).
(4)
For our experimental buffers (0.33-2 M NaCl), the De-
bye screening length K 2.1-5.0 A (Bezrukov et al., 1989).
For ion transport processes around a transmembrane ion
channel with a length of -40 A under such ionic concen-
trations, it is appropriate to use the approximation (Lax and
Mengert, 1960; van Vliet and Fassett, 1965)
(Ap(ri', O)Ap(iW, 0)) = ps(ri' - '), (5)
where 8('- i) is the standard delta function.
Using the Wiener-Khintchine theorem, the PSD SR(Co) of
the resistance fluctuation is defined in terms of the autocor-
relation function:
SR(W) = 2 eiwt(AR(t)AR(O))dt.
-x0
(6)
(1) Putting Eqs. 1, 3, 4 and 5 into Eq. 6,
SRW(o) = I)& Jf d3r d3r'E2(r*)E2(ri)J ei(tg(r, t; ri*')dt.
(7)
The Laplace transform G(ri, -io; r') of g(ri, t; r') is
defined as (van Vliet and Fassett, 1965)
G(ri, -i@; r ) = eictg(ri, t; ri')dt.
JO
(8)
Because g(ri, -t; r') = g(r', t; ir) for a stationary system and
Eq. 7 is symmetrical for ir and ir', SR(w) can be expressed in
terms of G(r', ih; r'),
SRW )= (b4 9 d3ir d3r'E2(ir)E2(r)G(ir, iw; r')
(9)
where 91[z] represents the real part of z.
For low-frequency concentration fluctuations, charge
neutrality is maintained with essentially complete correla-
tion between the cation and anion concentration fluctua-
tions. Effects of separation of charges only become signif-
icant for those fluctuations with frequencies X > DK -2,
where D is the diffusion coefficient of the ions and K is the
Debye screening length (same as 1/A in Lax and Mengert,
1960). For our aqueous buffer, D 2 X 10-9 m2s1, K
3 X 10-10 m, soDK-2 2 X 10'0s-
,
much higher than
our experimental frequency range ('20 kHz). The concen-
tration fluctuations studied in our experiments are effec-
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tively electrically neutral and are not detectably affected by
the potential applied across the ion channel under our ex-
perimental conditions. The Na+ ions in our two-ion exper-
imental buffer always flow in an opposite direction from the
Cl- ions. Therefore, the ion flow cannot significantly trans-
port the concentration fluctuations, which must obey charge
neutrality. Thus the propagation of these concentration fluc-
tuations detected by our experiment is mainly by diffusion.
The appropriate Green's function g(ri, t; r') is the one that
satisfies the diffusion transport equation, so G(ri, iw; ') is
given by
i-1
VrG(ir, iw; ri') + ( rDw)G(is ir;r ) Dr
(10)
By definition, G(r, ico; ') must satisfy the same spatial
boundary conditions as g(ri, t; r').
Equation 10 is similar to the equation satisfied by the
Green's function Gk(i|i') of the inhomogeneous Helmholtz
equation (Morse and Feshbach, 1953),
V2Gk(-*Ii') + keGk(i|Ir') =-4'6(r- i'). (11)
G(ri, io; r') is a Green's function of the Helmholtz equation
if
k2= -iD. (12)
THEORETICAL ION CONCENTRATION
FLUCTUATIONS IN CHANNELS
To apply the Green's function approach to obtain a resis-
tance fluctuation PSD in a protein ion channel system, we
must first find the electric field E(ri) in the system. Then we
have to find the Green's function G(ri, iCo; r') that satisfies
the boundary conditions for diffusion around the channel.
Finally, the integration in Eq. 9 has to be performed. In the
complex environment of a protein ion channel, each of these
tasks is nontrivial and requires various simplifications to be
assumed to keep the problem manageable.
In a protein ion channel, the channel pore has a compli-
cated shape, determined by the conformation of the channel
protein. So E('r) due to the external applied potential and the
ion diffusion conditions are complicated. The charge distri-
bution in the protein and the polar headgroups of the lipid
bilayer (Latorre et al., 1992) in which the protein channel is
located contributes to the local electric field (Jordan, 1986).
In our approximation, the effect of these intrinsic electric
fields and the interaction between the ions and the channel
are expressed as energy barriers in the channel pore expe-
rienced by ions moving across the channel. Thus the volume
of electrolyte in and around the channel can be divided into
two kinds of regions:
1) In the region we will refer to as the "channel constric-
tion" (Mak and Webb, 1995a) in the middle of the channel
pore, the energy barriers allow only discrete movements of
barriers can give rise to a nonohmic relation between chan-
nel current and applied potential according to a model
proposed by Lauger (1975). Because the continuous me-
dium assumption for the electrolyte concentration fluctua-
tions cannot be applied in this region, it is excluded from
our evaluation of concentration fluctuation noise. Current
noise arising from discrete ion movements in this region is
evaluated separately in our consideration of channel shot
noise (Mak and Webb, 1995b).
2) Outside the channel and in the regions on either side of
the channel constriction that we will refer to as the "channel
vestibules," there is little ion-channel interaction. In these
regions, the continuous-medium assumption is applicable.
These regions together contribute the ohmic spreading re-
sistance to the total channel resistance (Mak and Webb,
1995a) and give rise to the Johnson noise in the channel
current. These are also the regions in which thermal diffu-
sion of ions generates ion concentration fluctuations.
Fluctuations in the spreading resistance: contact
disc model
We use the contact disc model to estimate the concentration
fluctuation noise for large-diameter channels. We assume
that the channel pore is circular and the length of the
channel is small compared with the size of the pore. Then
we can represent the regions around the channel where ions
move continuously (outside the channel and in the channel
vestibules) by the simple and well-studied model of the pore
as a contact disc connecting two semi-infinite bodies of
electrolyte. Because of the vast simplifications used in our
models, we expect to obtain just an order-of-magnitude esti-
mate of the channel current noise caused by ion concentration
fluctuations with our numerical evaluation.
The electric field and current distribution around a con-
tact disc have been described in detail (Holm, 1967). Elec-
trical noise in the spreading resistance around a contact disc
with geometry similar to that of our model channel has been
investigated before (Hooge and Gaal, 1971; Honig, 1974;
Weissman, 1975; Vandamme, 1976). However, those stud-
ies were mainly concerned with 1/f noise. In some of them
(Hooge and Gaal, 1971; Honig, 1974; Vandamme, 1976),
an empirical 1/f spectrum (Hooge, 1969; Hooge and Hop-
penbrouwers, 1969; Hoppenbrouwers and Hooge, 1970;
Hooge, 1972) of unspecified origin was used as the PSD for
the local conductivity fluctuations, whereas in others
(Weissman, 1975), generation of 1/f noise from local con-
ductivity fluctuations in the vicinity of the contact disc was
considered. Because the current fluctuation PSDs observed
in polypeptide ion channels are nearly white with little
frequency dependence (Bezrukov et al., 1987; Mak and
Webb, 1995b), we evaluate the resistance fluctuation PSD
from first principles, assuming that it is caused by local ion
concentration fluctuations in the electrolyte via random ion
diffusion, following the Green's function approach outlined
individual ions. Such discrete movement of ions over the
1155Mak and Webb
in the previous section.
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The oblate spheroidal coordinate system (,u, 0, 4)) (Morse
and Feshbach, 1953) is appropriate for the contact disc
model. The membrane is in the x-y plane, where the azi-
muthal angle 0 = IT/2 and the channel is the contact disc of
radius E where ,u = 0. With the electrical potential given in
(Holm, 1967),
(I)2 sin 0
E2(r) d3r = (2,7&)28 cosh A d dO do .
Substituting Eq. 13 into Eq. 9,
1 K sin 0 sin 0'
SR( ) 462pT2 J cosh ,u coshpu' G(r ic; r) dV6,
6
(14)
where f6 dV6 denotes integration over the six dimensions of
,u, ,A', 0, 0', 4, 4' and the limits of the integral are the
boundary of the electrolyte system.
In this simplified model of the ion channel as a contact
disc, the membrane at 0 = in/2 is assumed to be totally
impermeable to ions, whereas the contact disc at , = 0
allows free passage of ions. The Green's function satisfying
this diffusion condition is complicated, as the permeability
for ions across the x-y plane changes abruptly at the edge of
the contact disc.
For a simple approximation of the Green's function, the
electrolyte is divided into three regions: I, II, and III (Fig.
1). I is (O' ,u < 1); II is [(1 't < oo) A (O' 0 < iil2)];
and III is [(1 ' ,u < oo) A (ir/2 < 0 ' ir)]. When r and r'
are both far from the contact disc and on the same side of
the membrane (i.e., both ir and ir' E II or III), the imper-
meable membrane dominates. When ir and ir' are far from
the contact disc but on opposite sides of the membrane (i.e.,
r E8 II and 'r' E III or vice versa), the two points are
effectively isolated by the membrane, so that (Au
(ri, t)Ao(ir', t)) = 0. When either ir or ir' E I (i.e., near the
contact disc), the disc permits free movement of ions across
the x-y plane.
The Green's function of the inhomogeneous Helmholtz
equation in an infinite, three-dimensional medium with un-
restricted ion diffusion is (Morse and Feshbach, 1953)
1 exp(ikQs)G(ri, iho; r ) = 4iTD QE (15)
where Q = r --ri'/s is dimensionless and k is defined in
Eq. 12. The constant term (4irDfD is derived by comparing
Eqs. 10 and 11.
For both ir and ir' E I, substituting Eq. 15 into Eq. 14
gives
SR= 4d
= dgu d,u't dt dO'J do dO'Y(r,r')
Jo o o
0
0
cs
Ca)
l-,
(13) 0c0
cx
-
.4.
en
-0
0
o
4
-4
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FIGURE 1 Schematic diagram of a model channel as a contact disc
showing a cross section of the model channel in the x-z plane. The vertical
axis is the z axis and the horizontal axis is the x axis. The solid lines are
6 = ir/2 and ,u > 0, representing the impermeable membrane, where (p,u
0, 4)) are the oblate spheroidal coordinates. The dotted line is ,u = 1,
representing the boundary for region I. Region II has 1 ' tu A 0 s 6 <
wr/2. Region III has 1 ' ,u A 7r/2 < 6 ' 1T. The dashed lines are typical
field lines in the electrolyte. The oblate spheroidal coordinates (g,u ,0)) are
related to the Cartesian coordinates (x, y, z) by x = E cos 4 sin 0 cosh p;
y = s sin 4) sin 0 cosh ,; z = a cos 0 sinh p, where s is a scale term.
where
(Dp)167w5r2s )
Y-, sin 0 sin 0' cos(c^Q)Y(r, r =cosh 1 cosh ,u' Q exp(6Q)'
w= o.&/2D = (w0/oO.
(17)
(18)
(19)
co is the dimensionless reduced frequency and wo is the
reference frequency determined by the channel radius s.
Similarly, the resistance fluctuation spectrum SR(co) for
r E I and ir' G I is
SRX(l)
= dg dug dO dO' d4) do'Y(ri,r
Lo 1 o o o o
(20)
By symmetry, the case where ir' E I and 'r G I gives the
same contribution to the resistance fluctuations.
For ir and ir' E II, the x-y plane appears impermeable to
the ions, so diffusion of ions is limited to 0 and 0' between
0 and 7T/2. With this boundary condition, the method of
images (Morse and Feshbach, 1953) is applicable. Using
NXN \N //I //
\ \ / / A'
A./I\ \ I. / -
Ns \\..ji...
A...................\....... N\~
A/ / I \ \ NA / I \ II\ N
/ I"
/ I
L.0
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symmetry of the Green's function w.r.t. the x-y plane,
S'R'(W)
R 7r r7r F2X F2
2 d, dAu J dOJd' do do' Y(r, r)1.
(21)
By symmetry, S,1'(w), when both 'r and 'r' E III, must have
the same magnitude.
Assuming that resistance fluctuations in various regions
of the electrolyte are not correlated, the total resistance
fluctuation spectrum is
SR(co) SR(co) + 2SR (Co) + 2SR(cw)
- du j dA ' dO d' do j d+' Y(ri,r
(22)
Using Ohm's law and the average resistance of a contact
disc (Holm, 1967) and Eq. 17, we obtain the normalized
fluctuation PSD due to ion concentration fluctuations:
SR(w) = SI(co) 1 1
'Sion )2 - pD
* 7 du dpu' j dO j d'| do do' Y(r, r
(23)
The factor I/p in Sion(CO) comes from Eq. 9, and the factor
lID comes from the form of Eq. 10. Both are independent of
the form of the Green's function G(r', ico; r'), which is
controlled by the channel geometry.
Because the integral in Eq. 23 has no analytical solution,
its value was estimated using numerical methods. Rota-
tional symmetry about the z axis reduces the integral to five
dimensions (Carslaw and Jaeger, 1948). A simple computer
algorithm applying the extended Simpson's rule (Press et
al., 1987b) with 30-60 intervals in each dimension provides
the necessary order-of-magnitude estimate. With 60 inter-
vals, at the low-frequency limit ( <« co), a 33% increase
in interval number in each dimension causes <1% change
in the value of the integral.
The form of the integrand Y(r', r') in Eq. 18 suggests that
there are unintegrable singularities at ir r-> r' where Q-1 __
oo. Such singularities are the property of the Green's func-
tion. The singularities do not occur in reality because the
continuous medium approximation we assumed fails when
the distance sQ is comparable to the diameter 2a of the ions
(the value of the ionic radius a may not be well defined
because of the hydration shells of ions and long-range
ion-ion interactions). For eQ < 2a, there is no correlation of
diffusion process. Q in the integral should be limited to Q >
2als. In the case of a typical protein channel, 2a/E 0.1-1.
With this physical cut-off, Y(ir, r') in the integral does not
generate any singularities.
In large channels with pore radii significantly larger than
the physical size of the ions (s >> 2a), the physical cut-off
no longer affects the value of the integral in Eq. 23 signif-
icantly as the channel increases in size. Then the value of
the integral is effectively independent of channel size. From
Eq. 23, the normalized fluctuation PSD of large channels
scales according to the relation Sion(w) oc s
Fluctuations in the channel pore resistance:
tube model
As the channel radius decreases, the contact disc becomes a
less appropriate model for the regions of electrolyte with
continuous ion movement, especially as the resistance of the
electrolyte inside the channel vestibules becomes the major
contribution to SR(Cw). To estimate the magnitude of the
fluctuations in the resistance from the channel vestibules,
we use the "tube model." In this model we consider the
extreme situation in which all of the ion concentration
fluctuation noise arises from fluctuations in the resistance of
the electrolyte inside the channel vestibules, and the spread-
ing resistance of electrolyte outside the channel is ignored.
The electrolyte inside the channel vestibule is represented
by a tube in which the electric field is uniform and parallel
to the axis of the tube. Transverse diffusion of ions along
any equipotential surface will not affect the conductance of
the tube. Only diffusion of ions along the channel axis is
relevant to generation of current noise by ion concentration
fluctuations. Therefore, the shape of the channel cross sec-
tion does not affect the magnitude of current noise caused by
ion concentration fluctuations, as long as the cross-sectional
area of the channel accessible to the ions is the same. For
simplicity, we consider a rectangular tube of electrolyte.
In the case of a rectangular tube, the Cartesian coordinate
system is appropriate. The model channel is bound by the
planes x = ± s and y = +e, which are totally impermeable
to ion diffusion. Ions can diffuse freely in the z direction.
The electric field is parallel to the z axis and constant in
magnitude throughout the channel of length #. We consider
the fluctuations in the resistance of the electrolyte between
z = 0 and z = e due to ion concentration fluctuations inside
this tube. From the geometry of the model,
E2(r) d3ir = (b)2dx dy dz/(167284). (24)
Defining (x, y, z) = s(xo, Yo, zO) and substituting Eq. 24 into
Eq. 9,
1 [felE fe/s (ISRF )64 929I i dzoJ dzOJ dxO
f f1 -1
f dxf dyo dyOfG(r-, ic); -r') |. (25)
electrolyte number density fluctuations at 'r and 'r' by the
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The Green's function is found using the method of im-
ages (Morse and Feshbach, 1953), but with infinite images
generated by reflections w.r.t. the impermeable planes x =
±s and y = ±s. Putting the appropriate Green's function
into Eq. 25,
'Sion f dzo dzo
0 0 (26)
f dxoj' y dxoj' dy'Qo(@Q).
1 1 x - cos(Q)
The limits for xo, y' are ±oo because of the infinite reflec-
tions. The six-dimensional integration is estimated numeri-
cally in a way similar to that used for the contact disc model.
ION CONCENTRATION FLUCTUATIONS IN
ALAMETHICIN CHANNELS
Alamethicin channel current noise
Alamethicin, a well-studied polypeptide with 20 amino acid
residues, is capable of forming well-defined, voltage-depen-
dent channels with characteristic multiple conductance
states in a wide range of biological membranes and syn-
thetic lipid bilayers (Latorre and Alvarez, 1981; Sansom,
1991; Woolley and Wallace, 1992; Mak and Webb, 1995a)
(Fig. 2). Because the conductance values of various con-
ductance states are not integral multiples of one another
(Eisenberg et al., 1977), the conductance states are not
caused by multiple channels present at the same time in the
bilayer, but are due to a single channel with an aqueous,
0
0
state
. .................... ...........4
C
..... ........................3
. . . . ....... 2
0.0 4.0 8.0 12.0 16.0 20.0 24.0
time (s)
FIGURE 2 A typical current record of a typical channel (persistent)
formed by purified alamethicin showing multiple conductance states (states
1-5). State 0 is the closed channel. The same experimental conditions as
described by Mak and Webb (1995a) were used. The NaCl concentration
in the buffer solution was 1.0 M. The temperature of the buffer solution
was 7.0°C. Applied potential for this record was +44 mV. The record has
ion-conducting pore that can have several different sizes,
each pore size corresponding to a different conductance
state. Under an applied transmembrane potential of the
correct polarity (Mueller and Rudin, 1968; Cherry et al.,
1972), alamethicin forms stable channels that last for long
periods of time (Boheim, 1974), especially in phospholipid
bilayers under low temperature (Gordon and Haydon,
1976), making it an excellent subject for our study of
open-channel current noise, because many samples of cur-
rent noise power spectra can be easily obtained when the
channel stays in the same conductance state. Patch-clamp
techniques (Hamill et al., 1981; Calahan and Neher, 1992)
allow records with low background noise (Sigworth, 1985)
to be made of ion currents passing under constant applied
voltage through individual alamethicin channels in artificial
lipid bilayers isolated at the tips of micropipettes with
stable, gigaohm seals for extensive periods of time (min-
utes, even hours).
In our first paper describing our study of single-channel
currents in alamethicin channels by patch-clamp techniques
(Mak and Webb, 1995a), we reported that purified alam-
ethicin can form two classes of channels: persistent chan-
nels that remain active for long periods (minutes to hours)
and nonpersistent channels that stay active only briefly (less
than a minute in most cases), each with a unique set of
conductance states and different open-channel kinetic prop-
erties. To explain the nonohmic behavior of alamethicin
channel currents under high applied potentials and the in-
crease in channel current magnitude in higher conductance
states, we proposed molecular models for the persistent and
nonpersistent alamethicin channels based on the secondary
structure of alamethicin determined by x-ray diffraction
study (Fox and Richards, 1982). In our models, the ion-
conducting channel pore has an hourglass shape with a
narrow constriction about 3 A in length formed by Gln side
chains protruding into the channel pore from the alamethi-
cin helices that form the wall of the channel pore. This
constriction presents a single energy barrier over which ions
move discretely, as described by Lauger (1975). Because
the full length of the channel is -35 A (Schwarz and Savko,
1982), the channel constriction constitutes only a small
portion of the total volume of the channel pore. On either
side of this constriction, the electrolyte in the wider "vesti-
bule" of the channel, together with the electrolyte outside
the channel, generates an ohmic spreading resistance that is
in series with the nonohmic resistance caused by the chan-
nel constriction.
In the second paper of this series (Mak and Webb,
1995b), we described the open-channel current noise of
alamethicin channels. We demonstrated that between the
observable frequency range of 100 Hz to 20 kHz, the
channel current noise spectra for the various conductance
states in both the persistent and nonpersistent channels are
frequency independent within experimental error limits
(Fig. 3). This indicates that the various sources contributing
to the measured channel current noise do not have any
significant frequency dependence within the experimentalbeen digitally filtered at 737.5 Hz for plotting purposes.
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FIGURE 3 PSD Si(f)h of the fluctuation in current passing through a
typical persistent alamethicin channel. The same experimental conditions
were used in Fig. 2. The applied potential was +60 mV across the bilayer.
frequency range. Thus, a 1/f spectrum is not the appropriate
form for local conductivity fluctuations around the channel.
Because the channel current noise spectra are frequency
independent, the magnitude of the channel current noise can
be effectively represented by a characteristic PSD value
obtained by averaging the channel current noise PSD over
all frequencies between 100 Hz and 20 kHz.
Noise arising from short unresolved current pulses pro-
duced by the channel undergoing rapid transitions from
conductance state n to state (n ± 1) and back to state n was
estimated from dwell-time distribution histograms of the
channel (Colquhoun and Sigworth, 1983) and found to be
insignificant (Mak and Webb, 1995b) because of the very
low rate of conductance state transition under our experi-
mental conditions (Fig. 2).
Because of the low applied potentials in our experiments
(jVapj < 80 mV), qeoVap - kT (qeO is the charge on in-
dividual ions), so that the standard Schottky's formula
(Schottky, 1918) of 2qeoI h (ich is the current passing
through the channel in conductance state n) for the shot-
noise PSD is not applicable. Following our molecular
model, shot noise arises from the discrete movement of ions
over the energy barrier caused by the channel constriction.
The ions take -3 X 10 - s to move across the constriction
by electrodiffusion. The rate of ions moving across the
channel is --1 X 109 s-1 from the channel current magni-
tude in our experiment (lichl < 0.2 nA). Thus ions move
singularly and effectively independently across the constric-
tion, seeing no other ions when they are in the constriction.
The independent, bidirectional transport of monovalent cat-
ions and anions across the channel constriction generates
shot noise with current PSD [Si]s:
[Sjs = 2eoich coth(v/2), (27)
where v = eOVCh/kT, and Vch is the potential drop across the
channel constriction (Lauiger, 1975). Forv >> 1, coth(v/2) ->
1, Eq. 27 becomes Schottky's formula. At the low applied
I
0
N
Q.
C
In
0
pendence of the current noise PSD due to ion concentration
potential limit, v -> 0, coth(v/2) -- 2/v, Eq. 27 then gives the
familiar formula for Johnson noise (Nyquist, 1928): [Si]s =
4kTi4nhIVch = 4kT/Rcnh, where Rcnh is the resistance of the chan-
nel constriction.
Besides shot noise in the channel constriction, the noise
in the spreading resistance around the constriction must also
be taken into consideration. The spreading resistance is
assumed to be ohmic with no discrete movement of ions in
the electrolyte, so the noise is simple Johnson noise. The
continuous medium approximation is used in the bulk elec-
trolyte outside the channel as well as the wider vestibules of
the channel on both sides of the constriction, and electro-
neutrality with complete correlation of cation and anion
concentration fluctuations was assumed in these regions.
Because the constriction resistance is in series with the
spreading resistance, fluctuation in potential across the con-
striction due to shot noise and fluctuation in the potential
across the spreading resistance due to Johnson noise are
independent. Combined as described by Mak and Webb
(1995b), the current PSD due to Johnson and shot noises
[Si]1j& is
[SijJ&s - eOcnich[( - c,)v coth2(v/2) + 2cn coth(v/2)],
(28)
where c1 is the fraction Vch/Vap and is derived from the ich
versus Vap relation for the various conductance states of the
alamethicin channel (Mak and Webb, 1995a). These John-
son and shot noises can be detected as current noises, even
in systems in equilibrium (Vap = 0), with no net current
flowing through (from Eq. 28, as Vap -> 0, [Si]j&s
4kTich/Vap = 4kTIR, where R is the total resistance of then a
channel, including the associated spreading resistance), and
in systems whose conductance values are effectively con-
stant, as those with very high charge carrier concentrations.
For a typical applied potential of about 40 mV (Fig. 4),
the calculated shot and Johnson noises contribute about
20-40% of the total measured current noise in a persistent
channel (Fig. 4 A). In a nonpersistent channel (Fig. 4 B), the
measured current noise varies greatly in different conduc-
tance states, with shot and Johnson noises contributing from
9% (in lower conductance states) to 90% (in the highest
conductance states) of the total measured current noise
(Mak and Webb, 1995b).
The remaining current noise must be caused by fluctua-
tions in the conductance of the channel, partly because of
fluctuations in the conductivity of the electrolyte generated
by ion concentration fluctuations and partly because of
thermal molecular motions of the alamethicin polypeptides
affecting the channel geometry. Such noise is directly pro-
portional to (ich)2 (Fig. 4 C), as suggested by theory (Mak
and Webb, 1995b).
Theoretical predictions and
experimental observations
According to our theoretical derivation, the frequency de-
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fluctuations is scaled by the reference frequency wo (Eqs. 23
and 26). According to Eq. 19,fo = wJ2rr 2.5 GHz, with
Ai ionic diffusion coefficient D 2 X 10-9 m2s-I for an
aqueous solution, and s - 5 i for a relatively large ion
channel like an alamethicin channel in a high conductance
state. Within our observable frequency range of 100 Hz to
20 kHz, X = Aff- (0.1-3.0) X 10-3, so S1(cO) SI(O).
This agrees with the experimental observation that the chan-
nel current noise spectra for all conductance states are
nearly white, with little frequency dependence (Fig. 3).
After the Johnson and shot noise contributions calculated
from our model (Mak and Webb, 1995b) were subtracted
from the measured channel current noise, the remaining
current noise PSD [AS1] (averaged over 100 Hz to 20 kHz)
is caused by fluctuations in the channel conductance. [AS1]1
found from experimental data is proportional to (jCh)2, so
that the normalized noise PSD [ASi]1/(iCh)2 is voltage and
current independent (within error limits of 5-30% for most
persistent states and lower nonpersistent states) in our range
of applied potential and channel current measured (Mak and
Webb, 1995b). [/Si]n/(inh)2 has a component 5ion due to
fluctuations in the conductivity of the electrolyte in and
around the channel caused by ion concentration fluctuations
via random ion diffusion (Bezrukov and Vodyanoy, 1991
and 1994), and a component Sm ' due to fluctuations in the
shape and size of the channel pore caused by thermal
excitation of the channel molecular structure (Stevens,
1972; Sigworth, 1985; Latiger, 1985). Whereas Snol should
have no direct dependence on the mean electrolyte concen-
tration p, Sn is expected to be inversely proportional to p,
regardless of the geometry of the ion channel system (Eq.160.0 9). Thus the dependence of [ASi]n/(ich)2 on buffer concen-
tration p should allow the two contributions to be separated:
FIGURE 4 Graphs of current PSD versus mean channel current ich for
(A) persistent channel and (B) nonpersistent channel, showing the calcu-
lated contribution of the Johnson and shot noises to the total measured
current noise, with each point referring to a different conductance state
under the same applied potential (+44 mV forA and + 37 mV for B). Filled
circles are total channel current PSD [Silch. The dashed lines indicate the
range of the calculated current PSD due to Johnson and shot noises [Sj8&s.
The range arises from the uncertainty in estimating the value of cn from the
experimental channel current-voltage relation (Mak and Webb, 1995a).
Open squares connected by the solid line are the difference: [SnlCb - [Sn]J&s
which is the excess noise consisting of the sum of contributions arising
from ion concentration fluctuations and thermal molecular motions in the
channels (Mak and Webb, 1995b). The magnitudes of the two contribu-
tions vary greatly among various conductance states of persistent and
nonpersistent channels. Separation of the two contributions was described
by Mak and Webb (1995b). (C) Graphs of V[S,l - [S]n&s versus ich at
various Vap (29-80 mV) for individual persistent channel conductance
states 2 (circles), 3 (triangles), and 4 (crosses) show the expected quadratic
dependence of excess noise on mean channel current icnh. One data point for
each distinct channel conductance state was obtained from one experiment
during which Vap was kept constant. Data points from five different
experiments were plotted in C. The straight lines are best
fits to the data, assuming that n/[S;] - n oCh* The buffer NaCl
concentration was 1.0 M for all data.
[
=S]n Sion + smol - + smol( ch)2 n n D n s (29)
where Gn is the geometric factor controlled by the shape and
size of the channel (cf. Eqs. 23 and 26).
Fig. 5 shows the graphs of normalized noise PSD [ASSi]n/
(inch)2 versus i/p for selected nonpersistent channel conduc-
tance states. Within experimental error limits, the linear
relation in Eq. 29 holds for buffer NaCl concentration
between 0.33 and 2.0 M. The value of the slope a1n of the
graph for conductance state n indicates the magnitude of the
noise caused by electrolyte concentration fluctuations. Ac-
cording to Eq. 29,
an= Gn/D. (30)
The slopes an for persistent channels were found with a
similar procedure.
Fig. 6 shows the slopes a1n for various persistent and
nonpersistent channel states plotted against the channel
conductance values An in 1.0 M NaCl buffer solution.
Fewer values of a1n were found for persistent channels
because persistent channels occurred in less than 5% of our
experiments (Mak and Webb, 1995a).
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FIGURE 5 Graphs of the normalized noise PSD [ASi]nI(iCh)2 (Hz')
versus the inverse buffer ion concentration l/p (M-') for various nonper-
sistent channel conductance states.
Theoretical estimate ah of the slope can be found using
the simple geometric models of the channels described in
the previous section. Equation 23 gives ath for the contact
disc model, whereas Eq. 26 gives ath for the tube model.
Because our experimental frequency range is << fo, we use
the value of Slon(W = 0). The appropriate channel dimension
s used in the equations is evaluated from the channel
conductance An (Holm, 1967). The channel length e as-
sumed in the tube model is 35 A (Schwarz and Savko,
1982). The theoretical estimates ath from the two models
were also plotted in Fig. 6. In the range of channel dimen-
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FIGURE 6 Graph of the slope an for alamethicin channels in various
conductance states versus the channel conductance An in 1.0 M NaCl
buffer solution at 7°C. Circles are an for nonpersistent channels (states
1-6). Triangles are an for persistent channels (states 1-3). The dashed line
denotes ath, estimated using the contact disc model. The dotted line denotes
th
a , estimated using the tube model. The solid line represents the empirical
relation an = -y(An) .
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sion shown in Fig. 6, s a, so the physical cut-off we used
for the integral (Q > 2a/£) has a large effect, especially for
small pore radius e. In the tube model, this causes the
theoretical slopes ath (dotted line) to increase less rapidly
with a decrease in e than would be expected from simple
scaling. In the contact disc model, the high electric field
density at the vicinity of the disc magnifies the effect of the
physical cut-off, so that the calculated ath actually decreases
with a decrease in s, instead of increasing with a decrease in
s in the simple scale law expected from Eq. 23.
In Fig. 6 it can be seen that the theoretical estimate a th
from the contact disc model agrees with an found from
experimental data at the higher conductance states (states 5
and 6) when the channel pore radius is large. This is
expected because the contact disc model assumes that the
thickness of the bilayer is negligible compared to the chan-
nel pore size. This assumption holds for large channels.
However, departure from the contact disc model only occurs
in conductance states below state 5, when the equivalent
radius of the channel (Mak and Webb, 1995a) becomes
smaller than 3 A, much smaller than the thickness of the
lipid bilayer and the full length of the alamethicin channel
(35 A). The equivalent radius of the channel is defined as
the size of the channel pore at the channel constriction (Mak
and Webb, 1995a). Because of the hourglass shape of the
alamethicin channel pore, the pore radius at the mouth of the
channel is much wider. Furthermore, the shape of the ala-
methicin channel concentrates the electric field in the ves-
tibule toward the channel constriction, so that the electric
field outside the channel constriction resembles that around
a contact disc reasonably well, even for a relatively small
channel.
For conductance state 1 of the persistent channels, the
theoretical estimate a th from the tube model agrees with the
measured value of a,. This indicates that in lower conduc-
tance states, as expected, the geometry of the channel re-
sembles more closely a long electrolyte tube.
In the lowest two nonpersistent channel conductance
states, the measured values of an are nearly an order of
magnitude higher than those for persistent channels of com-
parable conductance value. This probably reflects the dif-
ference between the geometries of nonpersistent and persis-
tent channels (Mak and Webb, 1995a). The arrangement of
alamethicin molecules in nonpersistent channels may create
regions in the channel pore in which the movement of ions
is very restricted. This can reduce the effective diffusion
coefficient D of the ions inside the channel (Levitt, 1974;
Levitt and Subramanian, 1974), thus increasing an. How-
ever, this effect cannot be quantified because of the lack of
structural information about nonpersistent channels. Appar-
ently the difference between persistent and nonpersistent
channel geometries decreases in higher conductance states,
so that by state 3, a3 values for persistent and nonpersistent
channels are not very different.
The discrepancy between the theoretical estimate ath
from the tube model and the measured value of an in
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probably due to the fact that the continuous medium as-
sumption we used in our modeling is no longer applicable
for channels with equivalent channel radius s << 2a.
In higher conductance states (n > 2), a. values for both
persistent and nonpersistent channels appear to vary with
the channel conductance as
n= (An)4 (31)
where -y is 1.2 X 10-44 f-4Hz- 1M from a least-squares fit
of the data points. This is a purely empirical relation, which
reflects the decrease in Gn as An increases, because of both
the direct effect of the increase in channel pore size s (Eqs.
23 and 26) and a change in the geometry of the channel
(from resembling a tube to a contact disc) as the pore size
increases.
As seen in Fig. 6, the experimentally obtained values of
an for alamethicin channels in most conductance states
(except the lowest two nonpersistent states) lie within the
limits calculated from our simple geometric models of the
channel. Even though the detailed variation of an with
channel conductance An cannot be calculated from first
principles, the trend agrees with predictions from our theo-
retical consideration: an for small channels in low-conduc-
tance states are close to the theoretical values ath given by
the tube model; whereas an for large channels in higher
conductance states are close to values from the contact disc
model. Considering the vast simplifications used in our
theoretical derivation, the agreement between theoretical
estimates and experimental results is remarkable and indi-
cates that the models used in our theoretical consideration,
although extremely simple, are not without merit. To fully
account for the channel current noise due to ion concentra-
tion fluctuations, the intrinsic electric fields of the ion
channel and the lipid bilayer should be properly taken into
consideration; and more realistic boundary conditions for
ion diffusion should be applied to find the Green's function.
Sophisticated modeling on such a level is too complicated
for analytical approach and probably has to rely on numer-
ical simulations.
SUMMARY
In this paper we examined fluctuations in the conductance
of an electrolyte system caused by ion concentration fluc-
tuations via random ion diffusion. A Green's function ap-
proach similar to that used in fluorescence correlation spec-
troscopy was developed from first principles to evaluate the
power spectral density of such fluctuations.
We applied this analytical Green's function approach to
two simple geometric models of transmembrane ion chan-
nels: 1) The contact disc model, in which the channel is
approximated by a circular hole in an infinitesimally thin
membrane, gives the limit for large channels in which ion
concentration fluctuations in the spreading resistance
around the channel dominate. 2) The tube model, in which
electrolyte, gives the limit for small channels in which ion
concentration fluctuations inside the channel pore dominate.
The predictions of the theoretical models were compared
with experimental data obtained from single-channel cur-
rent measurement of alamethicin channels made by patch-
clamp techniques. Alamethicin channels have multiple con-
ductance states corresponding to different channel pore
sizes. Excess noise in the channel current caused by ion
concentration fluctuations via diffusion was observed above
the Johnson and shot-noise levels.
Despite the simplicity of our models, two fundamental
characteristics of the channel current noise due to ion con-
centration fluctuations predicted by both channel models
agree well with experimental observations: 1) For frequen-
ciesf<<fo = 2D/27&2 2.5 GHz (Eqs. 18 and 19), which
includes our observable frequency range, the current power
spectral density due to ion concentration fluctuations is
frequency independent, not oc 1/f(Fig. 3). 2) The normalized
noise power spectral density due to ion concentration fluc-
tuations is inversely proportional to the buffer ion concen-
tration (Eqs. 23 and 26 and Fig. 5).
Because of the complex multidimensional integration re-
quired in the evaluation of the resistance fluctuation power
spectral density in both geometric models (Eqs. 22 and 25),
and the necessity to exclude from our calculation ion con-
centration fluctuation generated from physically unrealistic
situations involving interionic separation less than the ionic
diameter, the magnitudes of the conductance fluctuation
power spectral density according to the geometric models
must be estimated numerically with a simple computer
algorithm.
For most conductance states of alamethicin channels, the
measured magnitude of the current noise due to ion con-
centration fluctuations lies within the limits derived from
our simple geometric models. For large conductance states
(n = 5 and 6), the actual configuration of the channel should
be well described by the contact disc model, and the mea-
sured noise amplitude agrees well with the contact disc
model estimates. For very large channels beyond the range
of conductance states observed in our experiments, the
contact disc model is expected to describe the channels well
with the scaling relation of Sion(w) a (the channel conduc-
tance)- . For small conductance states, the measured noise
amplitude deviates appreciably from the contact disc model
estimates because the channel starts to resemble the tube
model. For persistent state 1 and 2 channels, the measured
amplitude agrees with the tube model estimates, as ex-
pected. The discrepancy between the measured noise am-
plitude and the tube model estimates for nonpersistent states
1 and 2 channels probably reflects differences in the geom-
etry of the nonpersistent and persistent channels and the
inapplicability of the continuous medium assumption to
extremely small channels.
For the majority of the observed conductance states, the
channel pore configuration is in transition from resembling
the tube model to resembling the contact disc model and is
not well described by either models. The normalized ion
1162 Biophysical Journal
the channel is considered as an infinitely long tube of
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concentration fluctuation noise amplitude Sion(c) was found
empirically (Eqs. 29-31) to follow the relation Slon(co)
(1.2 x 10-44 f-4Hz-M)/(A4p).
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